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The author here considers the stability of the rotation of a solid body
with a cavity filled entirely or partially (containing a bubble) with an
ideal imcompressible homogeneous liquid.

Zhukovskii gave the general solution of the problem on the motion of
a solid body with cavities filled completely with an imcompressible
liquid [ 1 ]. On the basis of Zhukovskii’s results, Chetaev [2 ] solved
the precisely stated problem on the stability of the rotational motion
of a solid body with cavities filled completely with an ideal liquid in
vortexless motion,

Along with the exact methods, there were developed approximate pro-
cedures [ 3 1 for solving the problem on the motion of a solid body with
liquid filled cavities.

Sobolev [4 ] applied the methods of functional analysis to the linear-
ly formulated problem on the stability of the rotational motion of a body
with cavities filled completely with an ideal liquid. The work of Krein
[5] is devoted to the application of Sobolev’s method to the solution
of the problem on the motion of a body with liquid filled cavities.

On the other hand, the theory of the motion of a body with cavities
that are not completely filled with a liquid has as yet not been suffi-
ciently developed. Researches along this line deal mainly with the problem
of small oscillations around the equilibrium position of the vessel with
the liquid. This topic was considered in the works of G.E. Pavlenko, L.N,
Stretenskii, D.E. Okhotsimskii, B.I. Rabinovich, N.N. Moiseev, and G.S.
Narimanov,

Of special importance in research problems on the stability of solid
bodies are certain works on the study of the stability of the forms of
relative equilibrium of a rotating liquid, in particular, the works of
Liapunov [ 6,7 ] and Poincaré [8 1. In his work [8 ], Poincaré studied the
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small oscillations of a free liquid subject to Newton's law of gravita-
tion. He considered the oscillations of the liquid in the neighborhood of
its relative equilibrium position, and obtained certain results on the
stability of figures of equilibrium., Poincaré confined his considerations
to the linear equations of the first approximation, which he obtained by
neglecting in the differential equations of the problem certain terms

that he assumed to be small. Since the validity of the replacements of

the original equations of the problem by linear equations cannot be proved,
and since such a replacement simply substitutes for the original problem a
new one whose solution may have nothing in common with the original one,
it was pointed out by Liapunov [7 ] that the results obtained by Poincaré
cannot be considered as having been rigorously established.

Liapunov revealed the difficulties which one meets in the study of the
stability of continuous media; thus, in particular, there can occur in a
liquid extensions which are large in linear dimensions but small in
volume, are threadlike or laminar and contain little energy. In this con-
nection it was shown by Liapunov that one is not justified in drawing con-
clusions on the basis of analogies between the case of a finite number of
degrees of freedom and the case of motion of continuous media.

As is well known, the general problem on the stability of motion of
continuous media has not been formulated up to the present time; the
attempts made in the literature to state this problem as a problem on the
stability with a finite number of degrees of freedom cannot be considered
to have been successful.

In the present work there is chosen a different line of approach whose
principal idea can be described as follows.

In the problems on the stability of motion of liquid-filled bodies, we
are interested chiefly in the question of the stability of motion of the
solid body; the question of the stability of motion of the liquid is of
interest to us only in so far as the motion of the liquid exerts an effect
on the stability of motion of the body as a whole (it is of course obvious
that these two aspects of the problem are interconnected). In this con-
nection it is natural to put the question of the stability of the motion
of our system relative to all the variables which characterize the motion
of the solid body and the motion of the liquid. In such a setting the
problem of the stability of motion of the solid body, and of the liquid
contained in its interior, leads to the investigation of the conditional
stability of the system, that is, the stability relative to certain ones
of the variables, and not to all of them that determine the motion of the
mechanical system with an infinite number of variables. This problem is
solved in this paper with the aid of Liapunov’s second method and by
starting out with the complete equations of the perturbed motion.
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1. Equations of the perturbed motion of the system. Let us
suppose that the central ellipsoid of inertia of the solid body is an
ellipsoid of revolution, and that the completely or partially filled
cavity of the body has the form of a solid of revolution. The liquid is
assumed to be an ideal one. The center of inertia of the system will be
taken as the origin of the system of coordinates, O x,y,z 1 whose axes
will have fixed directions in space. The equations of motion will be re-
ferred to a system of coordinates, Oxyz, which is fixed with respect to
the body, and whose origin O coincides with the center of inertia of the
body, while the axes are directed along the principal axes of inertia of
the body. Let the axis of rotation of the cavity coincide with the axis
of rotation of the ellipsoid of inertia of the body; we take this axis
to be the Oz-axis.

We shall consider the case when the equations of motion of the system
relative to the center of inertia [2] can be written in the form [9 ]

d(m 4. 48 dg1 + (C — A) 05 - oLy ~— 0382 = AYq
A %g - ‘552 A4 (A —C) 30, -+ 0,8, — 0,83 = — aTy (1.1)

du)3

‘f‘ dg3 + 018y — @98, =0

dt (1 -+ v - 092 — gY) + 02 (W + V3 - O — ©T) —

1 dp
L] o L
— 03(v + vy + 037 — 017) - P
(L - Vg - 03T — 012) + 05 (8 - vy + 097 — oY) — (1.2}
: 1 ap
_ Ao, - —_
) 0 (w -+ v3 + 0y — 01) P oy
T (W 4 v3 Oy — ©2) + 0 (V + vy 4 05T — 0,2) —
1 ap
— 0y (U + vy + 032 — 03y) = — %
du dv ow
ou 4 oov 0w
ox ' By ' 9z =0 (1.3)
d~ d dys
d‘zl = 375 — Va3, % = 013 — D371, S = ©71— 172 (1.4)

Here A = B, C denote the principal central moments of inertia of the
body, a is a constant which characterizes the moment of the tilting
couple; y,, vy, and Y4 are direction cosines of the axis of the fixed
direction 0121, relatlve to the axes x, y and z of the moving system of
coordinates; © @, @, @y are the projections on the axes x, y, z of the
vector of the instantaneous angular velocity of the body, g,, g,. g3 are
the projections on the x, y and 2 axes of the vector of the moment of

momentum of the liquid in its motion relative to the system of coordinates



The stability of the rotational motions of a solid body 1515

Oxlylzl; vy, V,, Uy are the projections on the x, y and z axes of the
vector of the velocity of the center of inertia O of the body in its
motion relative to the inertia O1 of the system; u, v and w are the pro-
jections of the vector of the velocity of the particles of the liquid
relative to the solid body in its motion relative to the system of co-
ordinates O,x,y,z,; p is the density of the liquid, p is the pressure.

It is not difficult to see [9 ] that the equations of motion (1.1) to
(1.4) of the system possess the following first integrals:

I''+Ty+tap="~, (Aoy + g) 41+ (Aoy - g) Y2+ (Cog + g3) v = k&

o 1.5
712 -+ ’T22 -+ T32 =1. g = W3 (1-9)

where T, stands for the kinetic energy of the body, T, is the kinetic

energy of the liquid, u = ay, is the potential energy of the external

forces acting on the system, h, k and aéo are constants of integration.

It is easily seen that the equations (1.1) to (1.4) have the following
particular solution:

0; = w0y = 0, W; = O, Py =y =v3=0

1.6
g1=g: =0, g3 =g, Y1="2=0, 13 =1 (1.6)

which corresponds to the uniform rotation of the solid body around the
Oz-axis, which here is parallel to the axis 0121' while the motion of
the liquid is stabilized and the liquid, in particular, can be (under
certain conditions) in the state of relative equilibrium

t=v=w=_0, g=mpg(x2+y2)d‘c (1.7)
To
or may be at rest relative to the system O x,y,z,:

u = oy, v = — 01, w=20, g=0 (1.8)

(for example, in the case of the vortexless motion of the liguid [1]).
Here 7 denotes the region of the space xyz occupied by the liquid at the
given moment, and 7, stands for the region 7 in the unperturbed motion.

The motion of the system described by the particular solution (1.6)
will be taken as the non-perturbed motion of the body and of the liquid
within the cavity. We shall investigate the stability of this motion.

Equation (1.1) shows that the motion of a solid body depends on the
kinetic moment of the liquid and on its rate of change which, 1in turn,
depends on the motion of the body. In this connection it is natural to
investigate the stability of motion of our system relative to the pro-
Jjections 0, @, of the instantaneous angular velocity of the body,
and relative to the projections g8,s 8, 83 of kinetic moment of the liquid
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upon the fixed axes, and also relative to certain parameters which
characterize the position of the body in space. Such parameters can be,
for example, the Euler angles, of the Krylov angles; below we select for
such parameters the direction cosines Yir Yor ¥3 of the 0z, -axis rela-
tive to the x, y, z-axes. These parameters are chosen as quantities which
directly characterize the tilting moment that acts on the system. We note
that the kinetic moment of the liquid determines as an integral (but not
completely) the motion of the liquid. From this it follows that the
stability of motion of the liquid relative to the projection (upon the
moving axes) of the kinetic moment of the liquid is a conditional stabil-
1ty, that is, a stability of the motion of the liquid relative to some
but not to all of the variables which characterize the motion.

Thus, we shall study the stability, in the sense of Liapunov, of the
rotational motions of the body and liquid relative to the variables

(01, W, (ny gI: g?) gaf Tl» 72) TS: vl) 7;21 373 (109)

which for the nonperturbed motion take on the given constant values (1.6).

In this manner we have reduced the problem of the stability of motion
of the considered system with an infinite number of degrees of freedom to
the investigation of the stability of the system relative to a finite
number of quantities (1.9).

Let us construct the equations of the perturbed motions of the systems
which will be applicable to the case when the perturbed motion is a uni-
form rotation of the body and liquid as one solid body. For the case when
the unperturbed motion of the liquid is the state of rest, one needs only
to set g = 0 in the results. If for the perturbed motion we set

wy = © + §, g=8+ % fs=1+¢ (1.10)

and substitute (1.10) into the equations (1.1) to (1.4), we obtain the
following equations for the perturbed motion of the system:

A4 B (C— o+ Do+ g+ D or—2(0 + 5 = a2
A%+%+(A—C)(m+&)w1+-1(f' +H =@+ or=—ay  (1.11)

d d
C‘ﬁ*‘%“‘“é’emx—“&‘ﬂz:o
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du , dvy | doy dE .

T @ T @ r T m YT + 20w — (0 + §) v] - 0505 — (0 - 2 vs +
+onl(©ay + (@ + 8 2] — [0y 4 (0 4 Ple = — - F

dv , dv, d d

d—Z#— ;t ' d%x_ ;tlz 420 +8u—ow]+ (0 +E) vy, — 0w, +
F o [(0-8) 2+ 0] — (v -+ 8?4 0y = — »3—2—3‘;) (1.12)

dw dvs dwy dwz
i + 7 — x4 2 ((0127 - (')2u) T 030y — We¥q -+
1 adp

+(w+8)(wlx—i—m2y)—(m1 +w2)Z=—‘?‘57
ou v ow
g‘.—l—@'f--gz—:o

D —@+hp—ol+0,  Poed+)—(@+n

d
’;[sz’h—wl’{z (1.13)

where

=p\ly(w+ vz + o y—02) —z2(v +v3+ (0 +Ez—wz) Jdr  (1.14)

pglz(u+vl+w2z—(w+s)y)—x(w+v3+w1y—w2m)1dr
1 =p\lo @+ 02+ (@ + Bz —02)—y(u+ v, + 0z — (0 + )l ds —
——pr (z® + y¥)dt
If the cavity has the shape of a body of revolution and if A = B, then,
as is shown in the work [9 ], there exists the integral
©; = wg° = const
and hence, during the entire course of motion,
£ = w,° — o = const (1.15)

It is possible to establish three more integrals for the equations
(1.11) to (1.13).

Let us multiply equations (1.11) by @, @, @, respectively, and add
the results; let us multiply equation (1.12) by u, v, w, respectively and
add them. We multiply the result by p dr and integrate over the total
volume r occupied by the liquid, and then we add this result to the equation

obtained earlier. In consequence of this we will have an equation from



1518 V.V. Rumiantsev

wvhich we obtain directly the following integral

+M (0,2 - 02 + v?) + L (Ado,® + do,® - 2Cok - CB) +
+ 2ol + v L wdet Lo{tlow — (O + DY+ 0+ 87— o +
+ (0 —@)?) de -+ | (u (21 022 — (© + )] + 9 [92-4 (0 1 8) 27— 0yz] +

+ 0 (o3t oy — 032)} de + | {01022 — (© + B YT+ 02 [(0 + 8 2 — 0y2] +

T

-+ 5 (0 — wyz )} dr -+ al = const (1.16)

Here M = M, + M, is the mass of the system. This integral can be re-
presented, in view of (1.14), in the following form

=M (0% + v + 02 + 2 [Aoy? + Awy® + 2Cwi + CE?] -

-+ —;Pg(uz + o2 w¥)de 4 - [og + 0pge O+ (g +EF (1.47)
+ 2ot o) [oss— (@ + B Yl + 0 + 22 [(0 + Do — wiz] +

T

>

+ (W v5) (01— w52)} dx 4 p Yoy ves +wes)det al = const

Let us muleiply (1.11) by y,, y,, 1+ ¢, respectively, and add the
results. We thus find another integral (1.18)

(Aoy + g1) 71 -+ (A0s + go) Y2 + CE + 4+ [C (0 + ) + g -+ 1) { = const

If we multiply the equation (1.13) by y,, y,, 1+ {, respectively, and
itemize by parts, we shall then find a further integral

T+t 20 =0 (1.19)

In the investigation of the stability of the unperturbed motion we
shall consider the perturbed motions in the general form without restrict-
ing them 1n any way.

2. Certain conditions of stability. The mechanical system under
consideration is a conservative one, therefore it cannot be asymptotically
stable. Indeed, it follows from Chetaev’'s theorem [ 10 ] that to every
characteristic number different from zero there corresponds a negative
characteristic number; the perturbed motion of the system will thus be
unstable. Hence, the unperturbed motion of the system can be stable only
in the case when all the characteristic numbers of the system are zero,
i.e. only in the case that is critical in the sense of Liapunov, when the
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first approximation does not suffice to draw conclusions about the
stability of motion.

In our problem, however, the integrals (1.15) to (1.19), as well as
their linear combinations are not of definite sign relative to the vari-
ations of the variables (1.9). In order to bypass this difficulty, we
make use of the following inequality established by Liapunov [ 6], which
in our notation has the form:

g1+ g2° + 8" <L 2T,S (2.1)

Here S denotes a quantity which is proportional to the largest of the
principal moments of inertia (for the point O) of the liquid at any
arbitrary instant of time.

Taking into account the notation (1.10), the inequality (2.1) for the
perturbed motion of the liquid can be rewritten in the following form:

g® + gk 4 (g + )<< 278 (2.2)

where T, stands for the kinetic energy of the liquid in the perturbed
motion, vhile g,, g, and n are determined by the formulas (1.14),

lLet us introduce into our consideration the function

Hy = 3 [Aw? + Aw® + C (0 4- 9] 4 55 [g2 + g° + (g + 0% +
+ 5 M (v + 02+ v+ a(1 ) (2.3)

Turning our attention to the inequality (2.2), we can convince our-
selves that, for the consideration of the perturbed motion of the system,
we have the following inequality:

H<H,  H=T+U=h (2.4)

Here H denotes the total mechanical energy of the system during its
perturbed motion.

Making use of the function H, and of the integrals (1.15), (1.18) and
(1.19), we construct, by means of a linear combination of these functions,
a new function V that is of definite sign.

In view of the inequality (2.4), the function V will be bounded from
above and the conditions of its positive definiteness yield (in accord-
ance with Liapunov's theorem on stability) sufficient conditions for the
stability of the rotational motions of the solid body and of the liquid
contained in the cavity. In this manner the function V serves to solve
the problem on the stability within that bounded region of the space of
variablgs W, W, £, 81 80 M Yqe Vps Z, Vi, Uy, Vg, where the equation
V=0 yield a system of closed bounded surfaces.
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Let us now construct the function V.,

From the integrals (1.18) and (1.19) we find

(2.5)
p =const — (Aw; 4~ g1) 71— (Aws 4 go) 1o — Ct — C (0 + E) 0 — gl — %
= — Lt 4 O (2.6)

Substituting for n and { in the expression (2.3) their values given
by the formulas (2.5) and (2.6), dropping the unessential constants, and
adding the terms £2C(C — A)/24 and C(g/S — w) &, we obtain the function

5 | 9 2
V= —; Ao - %) =+ B (g° 4 g* 4+ %) —
— 5 [(Aog -+ g1) 11 + (A - go) Yo + CEL + L] -+ (2.7)
z,CZ(;z I’ngg2 a - 2 i 2 1 2 2 Py
T gt (O—S‘T—S‘—a>(71 12 4 ) 5 My (08 A 0% - vs?)
which can be rewritten in the form

Vs WV, Wo 1, LM (o) = 0a? 4 0)

Here we have introduced the following notations: 2.8)
2W(wq, g )= Aw,? 2—g-(Ao - A -(C i 2
1\, 81 T1) = 1&g 01— 21) N1 ERETE 2 S ( (0~— T—a)'rl
62 = l 1 2
2W3 (Er n, C) = A 52— 2= g ( 5 - _ - “LST 712 + <Cﬁ) % —[—~ % —a) c2

and the function W,(w,, g,, y,) is similar to the function W, (o, gram)e

The discriminants of the quadratic forms W, and W3 can be written ex-
plicitly as

A (op C
A 0 — 58 Y v —E R
{ g 1 g
0 B - ¢ s -y
A g g ¢ .
—5E 5 Cetag—e —5E Ty Cetgg—e

In accordance with the criterion of Sylvester a quadratic form is
positive-definite if and only if all of the principal diagonal minors of
its discriminant are positive. In consequence of this we obtain the
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following condition for the positive definiteness of the functions Wl’
W2 and WB:

(Co— 4% g) g—aS> 0. 2.9)

Thus, 1f the condition (2.9) is fulfilled then the function V is
positive-definite relative to the variables W, Wy, ¢, 817 Byr s Vys ¥y
£, vy, v,, vy; the function V is bounded from above. Hence, in accordance
with Liapunov's theorem, the relation (2.9) is a sufficient condition for
the stability of the rotational motion of a liquid-filled solid body in
terms of the quantities (1,9).

The positive-definite function V can also be constructed in a diffe-
rent way [ 10 ]. Let us multiply the function (2.3) by Cw, the integral
(1.19) by 24, and add the results. After this we replace { by its value
as given in (2.6) and add the terms

. 20 (C— A)
C (2a— Co?E, — L%
( ) 24 (2.10y

We thus obtain, up to within some constants, the following expression

for V

ACw . C3w Cw 2 2
= (0 + &)+ T8+ - &+ &+ —

—2a (4w, -+ g1) 11+ (Aos + g2) Yo + (CE - ) L] -+

14

. /C ' A o ' 9 9 o /C(.O
- '\Tw u g) a(f® 40 + ‘;— CoMy (vy® - vo® - v5%) + \ T & 20\/ 7
or
Ve Wy Wy - Wyt S M (024 0,2 - 02— (52 g 24
=Wy We - Wyt =1 (0% vt vt Té’—“Jl)“ﬁ
where we have made use of the following notation (2.11}
- ACow , Co o Co o
Wiy, g1 1) = - w® — 2a (Aw; + g1) %1 + -5 8 T (.2“1 - g‘) arty”
. C3w . - Co . /Co Yo
Wi %, ) =3 88— 2a(CE-F )T+ o + (T +g)al’

The fur}ction WZ(,(‘)Z'_gZ’yz) 1s analogous to.Wl(wl, gyr 7). Writing down
explicitly the discriminants of the quadratic forms W, and W3

ACw . C?w |
0 — i — 0
‘ 2 1‘ 24 ¢ ”E
Co Cwo
I P —“r b0 zs —
}— Aa —a (q_'w—!-g)a !——-Ca —a ((:Tm—,‘-g\)ai

in accordance with Sylvester’s criterion we obtain the following condi-
tions for the positive definiteness of the forms Wl, WZ' W3
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C? - 2Cog —4(A+S)a>0 (2.12)
If during the entire course of motion
Cc )
<—S‘3g——2a>n>0 (2.13)

then, under condition (2.12), the function V will be positive-definite
and bounded from above in view of the inequality (2.4). By Liapunov’s
theorem, the conditions {2.12) and (2.13) will then be sufficient condi-
tions, relative to the quantities (1.9), of a hollow solid body contain-
ing a liquid.

It should be noted that in the absence of the liquid within the hollow
of the body (when one has to suppose that g =0, S=0, g, = g, =5 = 0),

the condition (2.12) goes over into the well known condition of Maievskii
for the stability of projectiles

Cw*—44a >0

As an example let us consider the case of the potential of the motion
of a liquid completely filling a cavity shaped like a body of revolution.
As is known [ 11, the uniform rotation of the body around the Oz-axis of
the cavity does not give rise to any motion of an ideal liquid that 1is
at rest, and g = 0. In the perturbed motion, the velocities of the
particles of the liquid are determined by the potential ¢(x, y, z, t) of
the velocities, where

P = Hbl(xv Y, Z) (51 ‘f“-l-’z(mv Y, Z)(D2
and one can easily see that

n:::p&@(xnz—~yn)ds::0

]

because along the walls of the cavity o the following condition holds
xm—yn =0

where m and n denote the direction cosines of the exterior normal to the
surface o. Hence, in this case the condition (2.13) is satisfied while
condition (2.12) takes on the following form

C0? —4(A--S)a>0 (2.14)

When this condition is fulfilled, the rotational motion of a solid
body with a liquid content will be stable.

We note that a stability condition of the type (2.14), valid for all
bodies containing a liquid with vortexless motion, was first obtained by
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Chetaev [2 ] when he was considering the stability of an equivalent solid
body; in that case the quantity S represented the equatorial moment of
inertia of the equivalent solid body.

In conclusion we emphasize once more that the stability of the rota-
tional motion of a solid body with liquid content under the action of a
tilting moment is attained by means of gyroscopic stabilization, and that
the latter, as was shown by Kelvin, cannot occur when the system is acted
upon by a dissipative force with a loss of energy under arbitrary dis-
placements of the system. Since in real situations there always exist
small dissipative forces, the gyroscopic stability will always be des-
troyed. In view of this, Kelvin suggested that a distinction should be
made between "temporary" stability, which can be achieved with gyroscopic
stabilization, and "secular" (or permanent) stability which exists under
the action of potential forces only. It is obvious that the stability
within our system has the character of the "temporary" stability, and
that our system is unstable in the "secular" sense. Chetaev [ 10 ]
succeeded in proving a theorem on the instability of the motion of a
solid body by taking into account dissipative forces. It seems that this
theorem is also valid for the rotational motion of a solid with a cavity
containing a liquid.
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